Some precisions are given about the definition of the Hamiltonian operator H and its transformation properties, for a linear wave equation in a general spacetime. In the presence of time-dependent unitary gauge transformations, H as an operator depends on the gauge choice. The other observables of QM and their rates also become gauge-dependent unless a proper account for the gauge choice is done in their definition. We show the explicit effect of these non-uniqueness issues in the case of the Dirac equation in a general spacetime with the Schwinger gauge. We show also in detail why, the meaning of the energy in QM being inherited from classical Hamiltonian mechanics, the energy operator and its mean values ought to be well defined in a general spacetime.
Introduction and summary
Quantum mechanics (QM) in a curved spacetime, thus in a gravitational field, is the domain that covers all currently available experiments about the interaction between gravity and the quantum. An important part of QM in a curved spacetime is QM of the covariant Dirac equation. The formulation of that equation involves the data of an arbitrary tetrad field on the spacetime, that is a field of orthonormal bases (e.g. [1, 3] ). Two choices of the tetrad field lead to equivalent Dirac equations [4] , at least locally. From this correct fact, it has been tacitly inferred, without proof, that the choice of the tetrad field has no physical effect whatsoever. This seems to remain the preferred opinion in the literature on QM of the Dirac equation in a gravitational field, in spite of recent work having proved that important objects such as the Hamiltonian operator H, as well as its Hermitian part or energy operator, do depend on the tetrad field [5] . The dependence on the tetrad field includes that of the spectrum of the energy operator E [5] , that of the mean values of both H and E [6] , and it includes also the presence or absence of the spin-rotation coupling term [7, 8] . The aim of the present work is to discuss three important complementary points, two of which pertain to curved-spacetime QM in general, and which are strongly related together:
1. In Section 2 we discuss the definition of the Hamiltonian H for a general wave equation in a general spacetime. We note that it naturally depends on the coordinate system, but merely through the corresponding reference frame -the latter notion being defined as an equivalence class of coordinate systems. (We recall this definition and emphasize its strong link with the usual notion of a reference frame.) Then we show that, for any wave equation which transforms covariantly under a unitary "gauge" transformation U depending on the time coordinate, H, as an operator acting on the quantum-mechanical states, is not unique in a given reference frame. This non-uniqueness is there despite the fact that H, seen as the generator of the time evolution of the wave function, transforms consistently: it actually follows from this consistency and the time-dependence of U. We show that in the presence of such a gauge choice, the definition of any other quantum-mechanical operator O has to be reconsidered in order to lead to gauge-independent mean values. We show that, only when this is the case, the time evolution of any quantum-mechanical operator is gauge-independent also.
2.
Recently, two groups of authors have explicitly claimed [9, 10] or implicitly suggested [11] that the non-uniqueness issue of the curved-spacetime Dirac theory is absent if one restricts the choice of the tetrad field by using the "Schwinger gauge". If this were true, that would not disprove the existence of the non-uniqueness problem. That would merely mean that another prescription for solving it would existnamely, using the Schwinger gauge. (Indeed, two different such prescriptions have been presented [12, 13] .) But the claim [9, 10] has been plainly refuted in Ref. [6] . Besides a general proof that the mean values of the Hermitian Hamiltonian provided by the construction [9, 14] depend on the choice of the Schwinger tetrad, that work has shown explicitly this dependence in the case of an inertial reference frame in a Minkowski spacetime. However, a later paper [11] states this: "Tetrads (coframes) are naturally defined up to a local Lorentz transformation, and one usually fixes this freedom by choosing a gauge. We discussed the choice of the tetrad gauge in [40] and have demonstrated that a physically preferable option is the Schwinger gauge." This might be taken to mean that in the Schwinger gauge there is no ambiguity any more, and that the ambiguity is thus solved in a "physical" way. We show in Section 3 that in fact the important quantum-mechanical objects of the work [11] do depend on the freedom that remains in the Schwinger gauge, which freedom is fully present in the approach [11] . Using the results of Sect. 2, we show indeed that not only the Hermitian Hamiltonians but also the spin operators of Ref. [11] depend on the choice of the Schwinger tetrad. This dependence obscures the physical meaning of the equations of that paper. In passing, we disprove the attempt made in Ref. [15] to refute our former explicit example [6] , and we show that this explicit example extends to the general situation envisaged in Ref. [11] .
3. Regarding the non-uniqueness issue of the energy operator and its spectrum and mean values: some physicists wonder if in a non-stationary gravitational field the mean values of the energy operator should really have a physical meaning, given that then these mean values evolve with time and there is no stationary state in the strict physical sense. This objection has been partly answered, in advance, in Ref. [5] . It is related with a conception according to which every appearance of an energy should refer to a conserved quantity. This should indeed be true for the total energy (in a sense and in circumstances which will be outlined) but it does not apply to the energy of a test particle in a time-dependent external field, which is relevant here. This objection will be answered in Section 4 by recalling that in QM the meaning of the energy is inherited from classical Hamiltonian mechanics, and by depicting in some detail the main features of the classical Hamiltonian energy: in particular, it is in general not conserved, and it depends exactly on the reference frame as we define it. The same is true for the quantum-mechanical energy as it arises from the energy operator E -when the latter is well defined. We contrast the dependence of E on the reference frame with its dependence on the tetrad field (for the Dirac equation): whereas the former is natural, just as is the dependence of the energy of a classical particle on the reference frame, we show that it is physically superfluous to add the data of a tetrad field to the data of a reference frame.
2 Hamiltonians in the presence of a gauge choice 1 . Hamiltonian in a general spacetime. Dependence on reference frame. -How is the Hamiltonian operator precisely defined in a general spacetime V? Consider a quantum wave equation for a wave function ϕ with several components (i.e., living in some vector bundle with base V). When a local coordinate system is given, and also a local frame field for the wave function ϕ, the wave function gets a local expression Ψ ≡ (Ψ a ), with Ψ a the components of ϕ in the given frame field, and the equation itself gets a local expression. Assume that the latter contains only first-order derivatives Ψ a ,0 ≡ ∂ 0 Ψ a with respect to the time coordinate x 0 , in such a way that the corresponding matrix M, with
In that case, and only in that case, the wave equation can be uniquely rewritten as the Schrödinger equation (setting = 1 in this section):
where the Hamiltonian operator H is a linear differential operator that contains no derivative with respect to the coordinate time t ≡ x 0 /c. From this definition, it follows that H a priori depends on the coordinate system.
1 When this is fixed, the operator H in general still depends on the value of t, because so do in general the coefficients of the wave equation. Moreover, Eq. (1) is valid only in the domain of definition of the coordinate system, say U, which is an open subset of the spacetime V. (We assume that the frame field on which ϕ is expanded is defined above U.)
The transformation properties of H on changing the coordinate system can be deduced from the Schrödinger equation (1), see Ref. [12] and references therein. After such a change, one gets a different operator H ′ which in general is not related simply to H. However, H acts as a unique operator inside any set of charts (coordinate systems) which exchange by a purely spatial change:
, and
E.g., when the wave function behaves as a scalar under a coordinate change:
, we have after a change (2) [12] :
1 H depends also on the frame field, but this will be kept fixed in this paper; when the wave function ϕ takes values directly in a C m space, as is the case for the standard covariant Dirac equation and some alternative versions [16] , the canonical basis of C m is a preferred frame field, which it makes little sense to change.
We specifically call "reference frame" an equivalence class F of charts which are defined on the same open subdomain U of the spacetime and which exchange two by two by a purely spatial transformation of coordinates (2) [17] . The data of a reference frame determines a congruence of world lines. Namely, in any chart χ that belongs to the class F, each line l χ x of the congruence is the set of the events X in U that have the same given spatial position x ≡ (x j ):
Each among the lines l χ x is invariant under a change of chart that is internal to a given reference frame, i.e., we have obviously l χ ′ f (x) = l χ x if χ and χ ′ exchange by (2) . The data of a reference frame F amounts to the data of the domain U of the spacetime, the congruence of the world lines (4) , and the data of a time coordinate map X → x 0 (X) defined for all events X ∈ U. Call F "admissible" if the metric component g 00 > 0 in U in one chart χ ∈ F (hence also in any other chart χ ′ ∈ F). Then the world lines (4) of F are time-like. This notion [17] is a natural extension of the notion of reference frame of classical mechanics. Indeed, in classical mechanics, a reference frame is usually defined as the set of the trajectories of the points of a rigid solid (the rigidity being with respect to the invariant Euclidean metric of the Galilean spacetime), plus the implicitly present absolute time. The extension relies in the following: (i) no rigidity is asked for, so the reference frame is a deformable one in the most general way; (ii) a general spacetime is considered; (iii) the time is just a coordinate map X → x 0 (X) and has nothing absolute.
Hence, the dependence of the Hamiltonian operator H on the coordinate system expresses precisely its dependence on the reference frame as it is defined thus. The quantum-mechanical states, on which the operator H is acting, are functions Ψ of the triplet of spatial coordinates, x ≡ (x j ) (j = 1, 2, 3), hence they are restricted to the spatial range Ω of the chart χ. In order that Ω be independent of t, we may restrict the chart χ to a domain of the form:
The fact that the Hamiltonian operator is defined only over the domain U of a chart has hardly any practical consequence, because in practice U can be taken such that χ(U) = I × Ω with Ω large enough, 2 In a more satisfying way, one can regard the states Ψ as functions defined on the space manifold M associated [17] with the reference frame F fixed by the starting coordinate system. The elements (points) of M are the world lines of the form (4) . After a coordinate change of the form (2) , which by definition leaves us in the same reference frame, the space manifold M is left unchanged, and so is therefore the space of states. Also, M and hence the space of states do not depend on the time coordinate x 0 .
so that the wave function Ψ(t, x) can safely be assumed to vanish when x is at the boundary of Ω, in a relevant time interval I. In Ref. [8] , after Eq. (26) , the example of a rotating frame is discussed. As usual, we adopt the same notation Ψ for the state (a function of the spatial position x ∈ Ω) and for (the local expression of) the wave function, although strictly speaking the latter is defined on U or equivalently on χ(U), i.e. it depends on the coordinate time t ∈ I and on x ∈ Ω. 2. Effect of a gauge change on H. -Until Section 4 not included, we fix the reference frame. In particular, the time coordinate map X → x 0 (X) = ct(X) is fixed. We allow that the linear differential operator which defines the wave equation involve the choice of some "gauge" fields collectively denoted by G. (That choice was assumed done at Point 1. For the covariant Dirac equation, G would be the tetrad field.) We assume: (i) that, for any possible choice of the gauge fields G, there is a scalar product: (Ψ, Φ) → (Ψ | Φ), defined on a subset of the set of the states, which makes this subset a Hilbert space H. [In practice, H is made of the states Ψ for which (Ψ | Ψ), defined as some space integral, is a well-defined finite number. The scalar product evolves in general with t, due to the time dependence of the coefficient fields in that space integral, but if that dependence is lower and upper bounded, H remains constant. This is not necessary in what follows, i.e., it might be the case that the space H itself evolve with the time t.] Thus, if G is another possible choice for the gauge fields, there is also a scalar product, which in general is different, say (Ξ, Ω) → (Ξ | Ω), and which defines another Hilbert space, say H. Moreover, we assume (ii) that, with any such change of gauge fields, is uniquely associated at any time t a unitary transformation U (evolving in general with t) between the respective Hilbert spaces H and H, Ψ → Ψ = UΨ:
Lastly, we assume (iii) that the wave equation changes covariantly under any possible change of gauge fields: G ֒→ G, thus under any admissible unitary transformation U.
Since the wave equation is equivalent (in the domain U) to the Schrödinger equation (1) , this means that, noting H the Hamiltonian corresponding with the new gauge fields G, the starting Schrödinger equation (1) is equivalent, in the domain U, to
where the wave function Ξ in the new representation is deduced from the wave function Ψ in the old representation by Ξ ≡ UΨ.
These three assumptions, taken together, seem to be necessary in order that the possibility of a "gauge choice" in the wave equation may remain compatible with a consistent quantum mechanics for that equation. (Unfortunately, they are not sufficient for this.) They are valid for the (standard form of the) covariant Dirac equation [6] . (1) and identifying with (6), we get easily:
This is indeed the well-known relation between two Hamiltonians exchanging by the most general "operator gauge transformation" [18, 19] . Thus, when regarded as the generator of the time evolution of the wave function (the r.h.s. in the Schrödinger equation), the Hamiltonian transforms consistently, in the sense that the time evolution of Ψ calculated with H and that of Ξ calculated with H are related by (7), at any time t. On the other hand, when regarded as an operator acting on the states, the Hamiltonian operator, and in fact any operator, would transform consistently if, at any time t, all scalar products of the form (Ψ | HΦ) were invariant under the unitary transformation U, i.e., if one would have
[Here, D is the domain (of definition) of the operator H. The domain D is a linear subspace of the whole Hilbert space H, and D should be dense in H.] Note that this condition involves, in particular, the property that all mean values be invariant under the unitary transformation:
Independently of the nature of the operator H (i.e., whether it is the Hamiltonian or not), it can be proved [6] that the conditions (9) and (10) are actually equivalent, and that both are equivalent to the following relation between H and H:
However, what we do have in general for the Hamiltonian operator is (8) . The comparison between (8) and (11) proves that (11) is true iff ∂ t U = 0. Thus, in the generic situation that the unitary transformation U does depend on the coordinate time t, Eq. (10) is not true, i.e., it cannot be the case that the mean values of the Hamiltonians before and after the transformation be always equal for corresponding states. That the transformation (8) of the Hamiltonian is not in general compatible with the invariance of its mean values, has been noted a long time ago by Goldman [19] , without a proof, and in the simpler context of a Minkowski spacetime. He nevertheless provided a rather general example of a time-dependent transformation U for which this invariance [Eq. (10) here] indeed does not take place.
3. Effect on other operators of QM. -The condition (11), which ensures that the mean values for corresponding states before and after the unitary transformation are equal, has the same form for any quantum-mechanical operator O. To emphasize this, let us rewrite it so:
Thus, the usual definition of such an operator can remain valid only if it holds in the same way for the operator UOU −1 , for whatever admissible unitary transformation. For instance, the usual definition of the momentum operator is:
Consider the case that the admissible unitary transformations (associated with admissible changes of the gauge fields G) are given by local similarity transformations:
where S(X) is some regular matrix depending smoothly on the spacetime position X. (This case includes the covariant Dirac theory [1, 3, 6] .) Clearly, with a unitary transformation U of the form (14), we do not have UP j U −1 = P j in general. In other words, the mean values of the operator (13) depend on the gauge choice, i.e. on the choice of the gauge fields G. Hence, if we maintain the definition (13) for the momentum operator, then either: (i) this definition is valid only with particular gauge choices, that exchange two by two by similarity transformations which do not depend on the spatial coordinates; or: (ii) the mean values of the said momentum operator depend on the gauge choice.
The Hamiltonian operator also defines the time evolution of all quantum-mechanical operators:
What happens in the presence of a gauge choice? Assume that, either by chance or by force, some quantum-mechanical observable O transforms as (12) . Consider first the case of a time-independent unitary transformation: ∂ t U = 0. Then, as we saw, the Hamiltonian operator transforms as (11), and we get immediately by applying
In the general case that (15), is gauge-independent. Obviously this is not the case, even when ∂ t U = 0, if O does not transform as (12) . In other words, an inappropriate account of the gauge choice in the definition of the observable transmits to its time derivative.
Explicit consequences in a general metric
In a recent paper [11] , Obukhov, Silenko & Teryaev consider the covariant Dirac equation in an arbitrary coordinate system in a general spacetime. They derive quantum-mechanical equations and compare them with classical equations. They restrict the choice of the tetrad field by using the "Schwinger gauge". Even with this restriction, a whole functional space of different tetrad fields still remains available. It has been shown [6, 12] that the Hermitian Hamiltonians deduced from two different choices of the "Schwinger tetrad" by precisely the same non-unitary transformation of the wave function as the one used in Ref. [11] are in general physically inequivalent -in the sense that their mean values for corresponding states are different. This occurs exactly for the general reason discussed in Section 2: two different choices of the Schwinger tetrad are in general related together by a time-dependent local Lorentz transformation, leading to a time-dependent unitary transformation between the wave functions before and after the change of tetrad. Let us thus examine in detail how that inequivalence issue affects the work [11] .
1. Non-uniqueness of a tetrad field in the Schwinger gauge. -With the parameterization of the spacetime metric used by the authors of Ref. [11] (hereafter OST for short), Eq. (2.1), the freedom in the choice of a Schwinger tetrad [12, 14] appears fully, in the following way. 4 As noted by OST, "the line element (2.1) 
and where
The tetrad field
where
with P = (P c a ) (c, a = 1, 2, 3) the inverse matrix of the matrix (L a c ):
. Thus, the new tetrad field in the Schwinger gauge, Eq. (19) , is deduced from the first one by a local Lorentz transformation Λ = Λ(t, x) ∈ SO(1, 3):
Such a redefinition, envisaged by OST themselves, affects many relevant quantities.
It affects also Q a b in (2.11), C a b c in (2.12), hence also Γ iαβ in (2.9), (2.10) and (2.8), etc. Hence, a priori, every result in the "quantum" part of Ref. [11] (sections II-III), as well as every comparison between quantum and classical results (section IV), may depend on the admissible choice of the field of the 3 × 3 real matrix W ≡ (W c b ) -that field being determined by the data of the spacetime metric only up to a spacetime dependent rotation matrix (L a c (t, x)) ∈ SO(3), Eq. (18). 4 All equation numbers of the form (m.n) refer to the corresponding equations in Ref. [11] . To allow an easy reference, we mostly adopt the notations of that work, which differ from ours.
2. Non-uniqueness of the Hermitian Hamiltonian operator (2.15). -As OST note, the non-unitary transformation (2.14) "also appears in the framework of the pseudo-Hermitian quantum mechanics" as it is used in Ref. [9] . More precisely, with the usual relation g αβ e i α e j β = g ij , the "Schwinger gauge" condition e 0 a = 0 gives |= |g 00 | independently of the signature [6, 9] . Therefore, the transformation (2.14):
is exactly the one used by Gorbatenko & Neznamov [9] to transform the Hamiltonian which they note H, got with some Schwinger tetrad, into the Hermitian Hamiltonian noted H η by them, Eqs. (67) and (72) in Ref. [9] . It is also the particular case of the local similarity transformation T in Eq. (18) of Ref. [6] , corresponding with S = 1 4 (one starts from a Schwinger tetrad). A crucial property of the transformation (24) , that it brings the Hilbert-space scalar product to the "flat" form [6, 9] :
is ensured by Eq. (23) above, due to Eq. (19) in Ref. [6] . (Here Ω is the spatial range of the coordinate system, see Sect. 2.) Recall that the scalar product has to be specified before one can state that some operator is Hermitian. In this section, Hermitian operators are stated to be so with respect to the "flat" product (26) 2 .
Thus, starting from one tetrad field (u α ) in the Schwinger gauge (2.2)-(2.3) and getting then, in general, a non-Hermitian Hamiltonian [with respect to the 5 In Eq. (26) 1 , γ 0 is the "α = 0" constant Dirac matrix (assumed to be "hermitizing" as is standard), which is noted γ ♮0 in Ref. [6] . Whereas, γ 0 is the "i = 0" matrix of the field of Dirac matrices in the curved spacetime,
♮α in the notation of Refs. [12, 6] ). Whether one mentions it or not, the field γ i can be defined as soon as one has a tetrad field and a set of constant Dirac matrices γ α valid for the Minkowski metric, and it depends on both. In fact, the field γ i , or at least the field of the γ 0 matrix, is needed to define the scalar product -as shown precisely by Eq. (26) 1 . The field γ i is also there in the Dirac equation, though not explicitly with the form (2.7) used by OST: (2.7) rewrites using (2.8) 1 in the slightly more standard form
product (26) [11] .) The change from the Hamiltonian H = H η to the Hamiltonian ′ H = H η ′ is through the local similarity transformation U = S ′ S −1 , Eq. (20) of Ref. [6] . (Here, (6) above: indeed, the covariant Dirac equation is covariant under local similarity transformations that belong to the spin group. Moreover, the similarity matrix U is a unitary matrix. {This property of the gauge transformations internal to the Schwinger gauge, derived in [6] from the invariance of the scalar product (26) 2 under U, can be seen also from the fact that the Lorentz transformation (21) is a rotation.} Hence the transformation
is a unitary transformation internal to the Hilbert space H. Here, in view of (26) 2 , H is the space of the square-integrable four-components complex functions of the spatial coordinates:
And ′ H is physically inequivalent to H, unless ∂ t U = 0, i.e., unless the arbitrary rotation field P is chosen independent of t. Indeed, we are in a particular case of the situation leading to Eq. (8), which writes here [5, 6, 9] :
with U −1 = U † , U being a unitary matrix. 6 It is noted in Refs. [6, 14] 
The precise definition of D should ensure that the integral above makes sense, for any ψ ∈ D. The mean value ′ H for the corresponding state ψ ′ after the transformation (27) is given by the same Eq. (30), with primes. It has been proved in Ref. [6] that, if the similarity matrix U(t, x) in Eq. (29) depends indeed on t, then not only the mean values H and ′ H are in general different, but in addition the difference ′ H − H depends on the state ψ ∈ D. Moreover, the difference ′ H − H can be calculated explicitly when the tetrad (u α (t, x)) is deduced from (u ′ α (t, x)) by the rotation of angle ωt around the vector u 3 (t, x) = u ′ 3 (t, x). In that case, one has the explicit expression
Here, α a ≡ γ 0 γ a (a = 1, 2, 3), in the notation of [11] , that is α ′j ≡ γ ′0 γ ′j in the notation of Ref. [10] . Equation (31) [10] applies to this more general situation as well. Indeed, the spin transformation U (noted R in Ref. [10] ) that lifts the local Lorentz transformation (21) with P T the rotation of angle ωt around u 3 is independent of whether or not u 3 and ∂ 3 coincide (as was the case in Ref. [10] ). We get from (31) 
, whence by (29) , (30) and (31) 1 [6] :
This even holds true in the presence of an electromagnetic field [8] . This equation applies to any possible state ψ ∈ D. It implies that, for the states ψ ∈ D such that Σ 3 = 0, i.e. the integral in (32) does not vanish, then definitely ′ H = H . The difference, δ = . Note that ω is the rotation rate of the tetrad (u α ) with respect to (u ′ α ) and can be made arbitrarily large.
The foregoing discussion extends to a general metric the explicit counterexample given in Ref. [6] as part of our answer to the arguments of Ref. [10] . However, in Ref. [15] , which has otherwise nearly the same content as Ref. [10] , it is stated after Eq. (34) that "when averaging the physical quantities for the spin particles, one should also perform averaging over the spin states with an appropriate change of the normalizing condition." This is misleading. Recall that here we consider states which are appropriate for the Dirac equation: they belong to D, that is a dense subspace of the Hilbert space H of four-components functions given by (28) . Thus, the "spin attribute" is included in the data of a state ψ ∈ D, although a state ψ ∈ D has in general not a well-defined value for the observable "helicity", that defines the "spin state". This means that the mean value H ψ for a state ψ ∈ D does include the appropriate "averaging over the spin states", namely over those that (in general) are mixed in the state ψ. Of course there are states for which Σ 3 = 0; e.g., to go in the direction of the calculation in Eq. (35) of Ref. [15] : when the metric is the Minkowski metric of a flat spacetime, the coordinates (x i ) being Cartesian and u 3 being parallel to Ox 3 , take an average state ψ av ≡ (ψ 1 + ψ 2 )/ √ 2, with ψ j ∈ D of the form ϕ(x)A j (j = 1, 2) where ϕ(x) is a square-integrable scalar function and A j ∈ R 4 are the amplitude vectors of two plane wave solutions of the free Dirac equation, with momentum parallel to Ox 3 i.e. to the rotation axis of the tetrad (u α ) with respect to (u (see Ref. [21] ). (In contrast with the said calculation in Ref. [15] , such an average state has to be defined before the mean value is calculated, for the mean value is not linear.) In that particular metric as well as in a general one, the states for which Σ 3 = 0 are a very small subset of all physical states ψ ∈ D. Moreover, by choosing another rotation field P , one may easily show that, also for the states having Σ 3 = 0, the energy mean values are indeterminate. [18, 19] . Eriksen [20] limited the application of the FW transformation to "non-explicitly time-dependent" transformations, i.e. indeed ∂ t U = 0 in Eq. (8) . That issue has been discussed in detail by Goldman [19] , for the FW transformation applied to the Dirac equation in a flat spacetime in Cartesian coordinates in the presence of an electromagnetic field. He noted explicitly that, in the time-dependent case, the transformed Hamiltonian [here ′ H in (29)] "is unphysical (in the sense of EEV's)" (energy expectation values), given that (in his case) "the EEV's of the original H [are supposed to] have physical meaning".
Inequivalence of H and
The FW transformation U (3.3) used in effect by OST has the form
with N = N (t) ≡ βǫ+βM−O a time-dependent operator (implicitly assumed to be Hermitian and have an inverse), where H = βM+E+O is a decomposition, stated by OST, of the Hermitian Hamiltonian H, Eq. (3.1); 7 and ǫ ≡ √ M 2 + O 2 . Assume for simplicity that there is a subdomain D e (t) ⊂ D to which the restriction of N (t) has a decomposition in eigenspaces: D e = ⊕ j E j and N |De = Σ j λ j Pr E j with λ j (t) nonzero reals and Pr E j the orthogonal projection on the eigenspace E j (t). Then, if ψ ∈ E j , we have N . 
with in fact β −1 = β. Now, clearly the eigenspaces E j of the operator N (t) evolve with time in a general metric, due to the time-dependence of the metric and that of the tetrad, hence D + e and D − e also evolve. So Eq. (34) confirms that U is time-dependent. Thus in the general case the FW transformation (3.3) depends on time, so that the FW Hamiltonian H FW (3.11) does not have the same mean 7 Any operator acting on four-component functions decomposes uniquely into "even" and "odd" parts, i.e. commuting and anticommuting with β ≡ γ 0 ≡ diag(1, 1, −1, −1) [18, 20] . The decomposition (3.1) of the given operator H is hence unique for any even operator M which is also given. In the present case, M appears to be given by Eq. (3.8). Then one can easily express E and O in terms of the Hermitian operators H, β and M, and check that N is indeed Hermitian.
values as the starting Hermitian Hamiltonian H (2.15). This is in addition to the inequivalence of two Hermitian Hamiltonians H and ′ H (2.15) got from two choices of the Schwinger tetrad, proved at Points (2) and (3), and which applies even in the case of a Minkowski spacetime in Cartesian coordinates.
5. Non-uniqueness of the spin operators. -To derive the equation of motion of spin, OST consider the polarization operator Π ≡ βΣ, with Σ ≡ (Σ a ), where
This definition is given independently of the choice of the Schwinger tetrad field. After a change of the latter, we thus have
This operator is used in the quantum equation of motion of spin (3.15): 
Since Π ′ = Π in view of (35), the operator Π ′ has clearly no reason to verify the condition (12) with this complicated unitary transformation V, i.e., we have in general
This means that, as a quantum-mechanical observable characterized by scalar products, in particular mean values, the operator Π depends on the gauge choice, that is, on the choice of the Schwinger tetrad. Moreover, as we saw at Point 3 in Sect. 2, this gauge dependence transmits to its time derivative, thus to the spin operator Θ ≡ This is consistent with the explicit dependence of F a b on the choice of the Schwinger tetrad field, noted in Eq. (22) . Thus, the three-vector operators of the angular velocity of spin precessing Ω (1) and Ω (2) , Eqs. (3.16) and (3.17) , depend a priori also on that choice. Also, a priori, this dependence is expected to survive in the semi-classical limit (3.19)-(3.20) , unless the authors prove otherwise. However, we note that the operator p a ≡ −i ∂ ∂x a , as well as the c-number p a given by (4.30) , are independent of the choice. Therefore, using P P T = 1 3 , one finds that ǫ ′ in Eq. (3.21) is invariant under the change of the Schwinger tetrad involving the substitution (22) , for
This applies whether in (3.21) one considers p a and ǫ ′ as operators or as c-numbers. It follows, using again (39), that the semi-classical velocity operator 6. Uniqueness of the classical limit. -Classical spinning particles are discussed in two independent parts of Ref. [11] : Sects. IV A and IV B. In Sect. IV A, the degree to which "the classical equation of the spin motion (4.22) agrees with the quantum equation (3.15) and with the semiclassical one (3.18)" does not appear very clearly: these are three rather complex expressions which do not coincide, and as noted above the quantum equation (3.15) is ambiguous. In Sect. IV B, we note that the classical spin rate Ω (4.36), as well as [using (39) with p a → π a ] the classical Hamiltonian (4.38), are independent of the choice of the Schwinger tetrad. In their conclusion, the authors of Ref. [11] state that a "complete consistency of the quantum-mechanical and classical descriptions of spinning particles is also established using the Hamiltonian approach in Sec. IV B". However, the quantummechanical description -in particular, the Hermitian Hamiltonian operator, be it H (2.15) or H FW (3.11), as well as the spin equation of motion (3.15) -is seriously non-unique as demonstrated at Points (3), (4) and (5) above. Whereas, the classical description of Sect. IV B is unique as we just saw. Thus, the ambiguity of the quantum-mechanical description does not survive in the classical limit. The ambiguity of the covariant Dirac theory regards the energy mean values and eigenvalues [5, 6] , but the probability current and its motion are unambiguous. In the wave packet approximation, the latter motion can be rewritten as the exact equations of motion of classical (non-spinning) particles in the electromagnetic field, without any use of the semi-classical limit → 0 [16] .
Remarks on the relevant energy concept
Previous work emphasized the non-uniqueness of the Dirac energy operator E, i.e. the Hermitian part of the Hamiltonian operator: it was noted the non-uniqueness of the spectrum of E, as well as that of its general mean values [5, 6] . At Point (3) in the foregoing section, that non-uniqueness was confirmed by an explicit calculation in the most general case. Here we want to indicate why, in this most general situation, the energy operator E and its mean values ought to be well defined in a given reference frame. This needs a brief discussion of the relevant concept of energy.
1. Energy in classical physics: continuum vs. test particle. -Consider first classical continuum physics and, to begin with, Newtonian continuum physics. There, we have undoubtedly a consistent concept of energy, including a local conservation equation for the total energy density w and its flux Φ. It has the same form as the continuity equation which expresses the conservation of mass:
This local conservation equation can be integrated to give a global conserved energy E = w d 3 x = Constant -although this global step needs assuming that the distribution of matter is spatially bounded so that w and Φ tend to zero quickly enough at infinity. One can take Newtonian gravity as an explicit example [22] . Now consider a test particle in Newtonian physics: a piece of matter which is modelled as a point and which is assumed to be passive, i.e., its contribution to the force fields is neglected. Take the case that in an inertial reference frame R, the force over the test particle derives from a potential V (x, t):
with m the mass of the test particle, x = x(t) its spatial position in the inertial reference frame R, and v = dx/dt the velocity of the test particle in R. The total energy e of the test particle is the sum of its kinetic energy and its potential energy V in the external force field:
In the general case, V = V (x, t) depends on the spatial position x in R and on the time t. Then, the energy e is of course not conserved, for we have from (41):
whence from (42):
However, keeping in mind the continuum formulation with conserved energy, e has the clear physical meaning of being the energy of some definite piece of matter that (for some problems) is small enough that it can be considered as a test particle.
Note that e is also the value of the Hamiltonian function of the test particle:
with which the motion of the test particle can be rewritten as Hamilton's equations. More generally, the total energy of a system of interacting particles in a variable external field is the value of the relevant Hamiltonian function, and it depends on time.
In the same way, in special-relativistic continuum physics, the total energy density and its flux can be defined and obey a local equation of conservation [23] . Now, be it in a flat or a curved spacetime, the relativistic equation of motion of a test particle in any given coordinate system can be written as Hamilton's equations with a Hamiltonian function of the same standard kind as in non-relativistic physics, i.e., a function H(p, x, t) with p and x three-dimensional vectors defined in the given coordinate system. This is well known for a test particle moving in an electromagnetic field in a Minkowski spacetime [24] and is known also for a geodesic particle in an arbitrary Lorentzian spacetime [25] . It is still true for a test particle moving in an electromagnetic field in an arbitrary Lorentzian spacetime [16] . Namely, in the latter general situation, the energy e is given by e ≡ cp 0 , wherep µ ≡ g 
and u µ ≡ dx µ /ds with s = cτ where τ is the proper time along the trajectory of the particle, V µ being the electromagnetic potential and q the charge of the test particle. This same e ≡ cp 0 can be extracted from the energy-momentum relation
as a function
with p = (p j ) ≡ (−p j ). This is indeed a Hamiltonian function for the motion of the test particle, as was briefly shown in Ref. [16] , Eqs. (79)- (80). The Hamiltonian function of a geodesic particle [25] is the case V µ = 0.
2. The classical energy depends on the reference frame. -The dependence of the energy of a classical test particle on the reference frame is obvious and well known in the case of a free particle in Newtonian mechanics [V = 0 in Eqs. (41)- (45)]: such a particle has only kinetic energy, and that energy of course depends on the reference frame. Two inertial reference frames R and R ′ are defined by the spatial position charts X → x ≡ (x j ) and X → x ′ ≡ (x ′j ) that each among R and R ′ assigns to any event X in the Galilean spacetime. Let V be the constant velocity with which R ′ is moving with respect to R, i.e., x = x ′ + Vt. The velocities of a particle in R and
, are related by v = v ′ + V. The difference in the respective (kinetic) energies is e − e ′ = 1 2 mV 2 + mv ′ .V. 8 This difference can be felt very concretely. Next, consider the case V = 0. When going from R to another inertial frame R ′ , the potential force field is left unchanged, in the sense that V ′ (x ′ , t) = V (x, t) for x = x ′ + Vt. Hence, here again, the difference in the energies e and e ′ comes from the difference in the kinetic energies T and T ′ , which is very concrete.
Also in a general relativistic spacetime, the energy of a test particle depends on the general coordinate system, because e/c in Eq. (48) is the time component of the spacetime covectorp µ . However, for the same reason, e stays invariant under a purely spatial coordinate change (2) . Thus, the energy of a test particle in a general spacetime depends precisely on the reference frame as defined in Section 2, i.e., on the equivalence class of charts defined on a given open domain U of the spacetime manifold V, modulo the changes (2).
We conclude that the definition of the energy of a classical test particle as being the value of its Hamiltonian function: e ≡ H(p, x, t) with H being given by Eq. (45) in Newtonian physics and by (48) in relativistic physics, is unique in any given reference frame. This energy is not conserved in general. For relativistic physics, these conclusions are valid in a general reference frame in a general spacetime, and also in the presence of an electromagnetic field. The uniqueness of e must be understood for a given field of the external potential (V or V µ ), when there is one. (There is none for free motion in a Galilean spacetime, nor for geodesic motion in a curved spacetime.) A very important point recalled above is that the energy of a classical test particle does depend on the reference frame. We consider this dependence as physically clear. We do not see it as a non-uniqueness problem in any sensible meaning.
3. Energy operator in a general spacetime. -It is well known that QM has a strong relation to classical Hamiltonian mechanics. This is already apparent in the fact that the non-relativistic Schrödinger equation for a single particle is got from the non-relativistic classical Hamiltonian (45) of a test particle, by applying the classical-quantum correspondence
The wave equations of relativistic QM can also be obtained by this same method, e.g., as is well known, the Klein-Gordon equation. The correspondence (49) 1 leads also directly to interpret the Hamiltonian operator H in the general Schrödinger equation (1) as the energy operator, whose eigenvalues, which are associated with stationary solutions of (1), are the observable values of the energy of the quantummechanical system at hand. The meaning of the energy of that system is hence inherited from classical Hamiltonian mechanics. In particular, in the case of a oneparticle system, the energy operator is the quantum-mechanical equivalent of the energy of a test particle. However, in the case of the covariant Dirac equation, it happens that the operator H in general is not Hermitian for the relevant scalar product [5, 27, 28] . Hence, for the covariant Dirac equation one defines the energy operator E precisely as the Hermitian part of H for the relevant scalar product [5, 28] ; E has another important property which has usually H (when H is Hermitian): its mean value is the field energy, i.e. the space integral of the T 0 0 component of the (canonical) energy-momentum tensor, in that case that of the "classical" Dirac field [5, 13, 28] .
We saw in Sect. 2 that, in a general spacetime, the Hamiltonian operator H (for a fixed choice of the gauge fields G) depends on the reference frame as we define it -just as does the classical Hamiltonian (48) of a relativistic test particle, as we saw at Point 2 above. It follows from the definition of the energy operator E as the Hermitian part of H that this dependence on the reference frame applies also to E. In a variable external field, the energy of a classical test particle, or the total energy of a system of interacting particles, depend on time. In the same way, the mean values of the energy operator in a given reference frame F do depend on the coordinate time t = x 0 /c if the gravitational field is not stationary in F -i.e., if the metric components g µν depend on x 0 , in charts belonging to F. In such a general case, there is no stationary state in the standard sense, but still, at each given time t 0 one may define an energy spectrum and a set S t 0 of "stationary states" by considering the "frozen" energy operator E t 0 of that time [5] . Recall that according to QM: if a particle is in a state Ψ at time t 0 , then an energy measurement at that time will yield an eigenvalue of E t 0 , arising together with the collapse of the state Ψ into an eigenvector of E t 0 .
4. Dependence on reference frame vs. dependence on tetrad field. -The data of a reference frame F, in the specific sense meant here, provides all information about the relevant congruence of "observers" (or rather: the congruence of spatial reference points, each of them being given by a time-like world line having constant spatial coordinates in any chart of F), and about the relevant time function t. This data contains indeed any information that is needed to specify the motion of the apparatus/laboratory -each point of which being assumed either to be fixed (i.e. having fixed spatial coordinates x j ) in F, or to have a well defined motion (i.e. a well-defined dependence x j = x j (t)). In particular, the data of a reference frame defines the rotation-rate field of the reference points [12, 29, 30 ] -for instance, that field may be a uniform rotation (or a non-uniform one as well) with respect to an inertial frame in a Minkowski spacetime. The choice of the reference frame is mainly fixed by the experimental/observational settings, essentially in the same way in classical mechanics and in quantum mechanics. As a concrete example, we may consider very slow neutrons in a laboratory at the surface of the rotating Earth (its rotation velocity being assumed uniform and constant, thus the metric in the rotating frame is stationary) and assume that some device puts them in sta-tionary energy states in that laboratory, like in the experiments of Nesvizhevsky et al. [31] . Then, a uniformly rotating frame is relevant for discussing the effect of the Earth's rotation on the energy levels [32] . (Note that for a wave function, the form: Ψ(t, x) = φ(t) A(x), which is a prerequisite for Ψ to be a stationary state, depends again exactly on the reference frame.) As another example, consider some spacecraft. If a neutron interferometer or some other device able to do quantum measurements is on board, then this spacecraft itself defines at least a very local reference frame, which is the relevant one for the measurements made on board. Of course, in order to have precise data about timing and about its position in space, the spacecraft will receive informations from distant observers not rigidly bound to its local reference frame. However, basically the relevant energy operator is the one in a reference frame that locally coincides with the spacecraft (but that should possibly have to be extended away from it).
The additional data of a tetrad field (u α ) includes that of the 4-velocity field u 0 . This vector field determines another congruence of world lines (the integral curves of u 0 ), which in general is different from the congruence specified by the given reference frame. The data of a tetrad field involves also the data of the spatial triad field (u p ) p=1,2,3 , which may have an arbitrary and independent rotation with respect to the congruence of world lines determined by the vector field u 0 of the tetrad (and a fortiori with respect to the congruence specified by the given reference frame). See Sect. 3 in Ref. [8] . Thus the data of a tetrad field seems entirely superfluous, e.g. to determine the stationary states of neutrons in an Earth-based laboratory (the situation outlined above).
Therefore, in our opinion, the dependence of the energy operator E on the tetrad field [5] , which has been shown explicitly in the general case in Section 3 above, and which appears in particular in the calculation of the Mashhoon effect for a Dirac particle [8] , is not a physical effect. Instead, we consider that dependence as an undesirable effect of the gauge freedom of the covariant Dirac equation. Thus, the choice of the tetrad field should be restricted in such a way that, in a given reference frame, all remaining choices lead to equivalent energy operators. Two different ways to do this have been proposed [12, 13] .
5. Summary for the energy operator. -The energy operator E of a oneparticle system corresponds with the energy e of a test particle by the classicalquantum correspondence (49) and, just as does e, it depends on the reference frame and evolves with the coordinate time. It acts on functions depending on the spatial position, which is restricted to the spatial range Ω of a coordinate system belonging to a given reference frame. [It would be better to regard the spatial position as an element (point) of the space manifold associated with that reference frame; see Note 2.] This restriction is not a problem, because the domain of the coordinate system can be taken large enough that the wave function can safely be assumed to vanish at the boundary of Ω. The present arguments show that the energy operator E ought to be well defined in a given reference frame at a given time. However, as we saw in Section 2, this is not the case if the wave equation depends on a gauge choice leading to time-dependent unitary transformations. Unfortunately, the latter thing is what happens with the covariant Dirac equation, even in the Schwinger gauge, as was confirmed by an explicit study in the most general situation at Section 3.
